Recall that the design matrix ® for M base functions and N input entries is
defined by:

., = ¢j(zn)
P(z1)"
S=[p ¢ - ¢u]= d)(wf)T
<Z5(30.N)T

which is basically the vertical stack of transformed inputs ¢(z,,) .

We consider an arbitrary vector v € RY. Given that Span({¢; Yieqr,omy) = F
is a closed subspace of Hilbert space (true for any finite-dimensional subspace),
so that RN = F @ F*, where F* is the orthogonal complement of F and & is
inner direct sum.

e If v € F, which means that Z?il Aj¢; = @A, then we have
(P ®) ' Pv=0S D) 1P BA=B\=v
o If v € Ft, so that ¢;»'—v =0, then
o(@'®) 'dTv=0(@ ' ®)'0=0

e If v in the subspace other than former cases, it can be decomposed into
two vectors v = vp + vp., such that vy € F,vp. € FL.

(@ ®) P v=0(@ ®) D (vp +vp)=vr+0=1p
For the least-square solution
wy, = (@7®) ey, (3.15)

we know, by using the results above, that there exist a vector Ap € RM in the
manifold S such that after the orthogonal projection by (®"®)~'® ", t becomes

—=(@'®) 1P (tp +tpL)
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